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Abstract 

In this paper we study the quenching problem in nonlinear heat equations with power nonlinearities. For 
nonlinearities of power p < and for an open set of slowly varying initial conditions we prove that the 
solutions will collapse in a finite time. We find the collapse profile and estimate the remainder. 

1 Introduction 

In this paper we study the problem of collapse of positive solutions for the nonlinear heat equation 



For p > 1 and for suitable initial conditions uo the solutions of ( [J) blowup in finite time (see [3l [T2J, El El 
HEHlESHEHHElEaEl)- When p < 1 one expects the solution to collapse in finite time for certain 
initial conditions. It is the second case which is of the interest in this paper. The p < 1 problem arises in 
the study of the quenching problem in combustion theory [14[ [5] and vortex reconnection [21j . Moreover it 
presents a simple mathematical model for the neck pinching problem of mean curvature flow and Ricci flow 
(53 US UHl HS1 El H and for collapse in the Keller-Segal problem of chemotaxis pQ. 

We say that a positive solution u collapses at time t* if u(-,t) > c(t) > for t < t* and some positive 
scalar function c(t) and u — > as t — ► t* on some set x E S C M. Because of its application in combustion 
theory the problem of collapse of solutions is referred to as the quenching problem. In this paper, for technical 
reason, we limit ourselves to the case p < and u$ > cq > for some constant cq. 

The problem of quenching for ( [1]) with p = — 1 on bounded domain was studied first in |18j . where a 
sufficient condition for collapsing is found. Later Huisken [T7) proved that if d^.uo(x) — Uq(x) < 0, then the 
solution collapses in finite time. Merle and Zaag proved in [21] that there exists initial condition uq(x) such 
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that the solution u(x, t) collapses in finite time t* and 



lim \\(t* -ty^u(x((t* -t)\ln(t* - i)|) 1/2 ,i) - (1 -p- i -^—^x 2 )Th\\ 00 = 0. (2) 

For the neck pinching problem in mean curvature flow, Huisken proved in [17j a result weaker than ( [2|) 
holds on a bounded space domain. For other related works we refer to 14, 5, 28, 16 . The starting point in 
these works is to study the rescaled function (t* — t)~^u(x(t* —i)^,t) using the technique of Sturm Liouville 
theorem for linear parabolic equations, as used in [101 112j . 

The origin of scaling and asymptotic in ([2]) lies in the following key properties of Equation ([I}: 

1. ([T]) is invariant with respect to the scaling transformation, 

u(x, t) -> At^ u (A" 1 x, A~ 2 <) (3) 

for any constant A > 0, i.e. if u(x,t) is a solution, so is \ T ^u{X~ 1 x,\~ 2 t). 

2. ([1]) has x— independent (homogeneous) solutions: 

u hom =[uo p+1 -\p-l\t}-^. (4) 
These solutions collapse (blow up) in finite time t* = (\p — 1\uq~ 

In what follows we use the notation / < g for two functions / and g satisfying / < Cg for some universal 
constant C. We will also deal, without specifying it, with weak solutions of Equation ([1]) in some appropriate 
sense. These solutions can be shown to be classical for t > 0. 

In our paper we consider Equation ( [lj in R with p < and with the initial conditions uq even, bounded 
below by a positive constant and having a local minimum at modulo small fluctuation. We prove that 
there exists a time t* < oo such that u(x, t) collapses at time t*; moreover there exist C 1 functions A(i), b(t), 
c(t) and rj(x,t) such that 

, _2_ , , r/ l - v + b(t)X~ 2 (t)x 2 , j_ , ., 
u(x,t) = X^(t)[( 2 y W +v(x,t)] (5) 

with 

\\(\~ 1 (t)x)~ 3 ri(x,t)\\ 00 < b 3/2 (t). (6) 
Furthermore the scalar functions A(t), b(t) and c(t) satisfy the estimates 

A(i) = A(0)(i*-t)T(l + O (l)), A(0) = (2c + ^bo)- 172 ; 

*(*) = ife^a + ^^l 1 / 2 )); (7) 

«(*) = \ + 4^7^(1 + 
where o(l) — > as t — * <*. 
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Before stating the main theorem we define a function g(y, bo) as 

' (l^E)Th iffe y 2 <4(i- P ) 



2 

,,2 



_ (2(1 -p))— iffiolT >4(l-p) 

and define the constant g which will be used throughout the rest of paper 

. r 4 2(2 -o) , 

g:=mm{- , -, 1}. 

1-p {l-p) 2 

The following is the main result of our paper. 

Theorem 1.1. Assume the initial datum uo{x) in (TJJ) is even and satisfies the estimates 

ll^)-"K(x)-(^^!)^]||oc < s bl (8) 

n = 2,3, u (x) € (x)t^L°° and u (x) > (2c + ^)^ 5 ((2c + ^) 1 / 2 a;,6 ) /or some 1/2 <c <2, and 
with n = q if p < — 1. Tften i/iere exists a constant S such that if So, bo < 5 then there exists a finite 
time < t* < oo such that \\ u la ||oo < oo if t < t* and 

1 



l u(;t) 1 



oo as t — > t* . 



Moreover there exist C 1 functions X(t), b(t), c(t) andn(x,t) such that u(x,t) satisfies the estimates in (\$- 

(W- 

The proof of this theorem is given in Section [8] This theorem shows the collapse at for a certain 
neighborhood of the homogeneous solution, (g]), and it provides a detailed description of the leading term 
and an estimate of the remainder in (x) 3 L°° . In fact, we have not only the asymptotic expressions for the 
parameters b and c determining the leading term and the size of the remainder, but also dynamical equations 
for these parameters: 

4l> b 2 + c- 1 c T b + K b (ri,b,c), (9) 



(P-1 



c - 1 c T = 2(l-c)-^—b + 'Jl c (7 l7 b,c), (10) 
2 p — 1 

where r is a 'collapse' time related to the original time t as r(t) := J Q A~ 2 (s)ds and the remainders have the 
estimates 



U^b^K^c) = O ( 6 3 + [|c- ~| + |c T |]6 2 + |fc r |6+6||7 7 (-,i)llx + + P ) (11) 



with the norm ||7y(-, t)\\x ■= | (A 1 ) a?) 3 ?7 1 1 oo - 

This paper is organized as follows. In Section [5] we prove the local well-posedness of Equation ([1]). 
In Sections [3][S] we present some preliminary derivations and motivations for our analysis. In Section we 
formulate a priori bounds on solutions to (Q]) which are proven in Sections [TUl [T51 We use these bounds and a 
lower bound proved in Section [7]in Scction[8]to prove our main result, Theorem ll.il In Section[9]we lay the 
ground work for the proof of the a priori bounds of Section[6l in particular by using a Lyapunov-Schmidt-type 
argument we derive equations for the parameters a, 6 and c and fluctuation r\. 
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2 Local Well-posedness of ( [121 ) 



In this section we prove the local well-posedness of ( [lj for p < in spaces used in this paper. Since in what 
follows we are dealing with p < and Uo(x) > we restate ([1]) as 

d t u = dlu-vP, p<0 , , 

u(x,0) = u o (x)>0. { ' 

2 2 

Theorem 2.1. If uq(x) £ (x) 1 -pL°° and uq(x) > «o > 0, then there exist a function f(x,t) £ (x) 1 -i'L° a 
for any time t < oo and a time S(kq, \\(x)~ r:r pu \\ 00 ) such that for any time to < t < t a + S, has a 

2 1 

unique solution u(-,t) S (x) 1 -p L°° with u(x,0) = Uq(x) and f(x,t) > u(x,t) > ^Kq- 

Moreover, if t* is the supremum of such 6(ko, \\( xj 1 p ^o||oo) then cither — oo or || u ^.^ II oo * 

t -> t». 

Proof. We transform ( [T2|) as 

u(x,t) = e td *u (x) - / e (t - s)a 'u p (a;,s)ds. (13) 



Define a new function Mi(x,t) by 

u\{x,t) := u(x,t) ~ f(x,t) 
with f(x,t) := e td *uo(x). Then ([13]) becomes 

ui(x,t) = - e( t - s)d *[f(x,s) + u 1 {x,s)} p ds. (14) 



In the next we use the fix point argument to prove the existence and the uniqueness of the solution u\ to 
( [T4"]) . hence those of u to complete the proof. 

_ 2 

We start with proving f(x,t) > kq > and (a;) l ~ p f{-,t) € L°°. It is well known that the integral 
kernel of e* a » is ^7=je _ ~ *^ !- > 0: consequently 

f(x,t)>e t9 *K = K . (15) 
Moreover we claim that (x)~ K e td *(x) n < oo for any 2 > n > 0. Hence by the fact 2 > > we have 

2 

f{-,t) € (x) 1 -pL oc . In the following we prove the claim for k — and k = 2, the general case follows 
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by interpolation between them. It is easy to prove k — by the fact e *1 = 1; for k = 2 the fact 
y 2 < 2{x - y) 2 + 2x 2 yields 

l — e - i -^T : ^y 2 dy < 2(x)- 2 / -^e-^^^^x-y) 2 + x 2 ]dy = (x)- 2 [2x 2 + td ] < oo 
irt J yitt 

with the constant do := 77= / e~ x x 2 dx. Thus we finish proving the properties of /(■, t). 

By the integral kernel we have f(x, t) — > ito(x) as t — ► + . Moreover by using the contraction lemma on 

_ 2 

( [14]) it is not hard to prove that there exists a time S(kq, \\(x) 1_p uo||oo) such that for time t £ [0,(5] there 
exists a unique bounded negative solution u% such that 

IM-,t)||oo<y. (16) 

Thus u(x, t) = f(x, t)+U\{x, t) > ^ has all the properties in the proposition, thus the proof is complete. 

□ 



)- 2 e td *x 2 = 



3 Blow-Up Variables and Almost Solutions 

In this section we pass from the original variables x and t to the blowup variables y := X^ 1 (t)(x~ xo(t)) and 
t := J * X~ 2 (s)ds. The point here is that we do not fix X(t) and Xo(t) but consider them as free parameters 
to be found from the evolution of (|12|l . Assume for simplicity that uo is even with respect to x = 0. In this 
case xq can be taken to be 0. Suppose u(x, t) is a solution to (I12p with an initial condition uq(x). We define 
the new function 

v(y,r) := X^(t)u(x,t) (17) 
with y := X~ 1 (t)x and r := J Q A~ 2 (s)ds. The function v satisfies the equation 

v T = (d 2 -ayd y + -^)v-vP. (18) 
" 1 — p 

2 

where a := ~Xd t X. The initial condition is v(y, 0) = Aq -1 ito(^oJ/)> where Ao is the initial condition for the 
scaling parameter A. 

If the parameter a is a constant, then (|18| has the following homogeneous, static (i.e. y and r- 
independent) solutions 

^ : =(^)^- ( 19 ) 

In the original variables t and x, this family of solutions corresponds to the homogeneous solution |4| of 
the nonlinear heat equation with the parabolic scaling A 2 = 2a(T — i), where the collapsing time, T := 

Uq _1 (1 — p) , is dependent on uq, the initial value of the homogeneous solution Uhom{t)- 

If the parameter a is r dependent but |a T | is small, then the above solutions are good approximations 
to the exact solutions. Another approximation is the solution of ayv y + -^jv + v p = 0, obtained from (jT8|) 
by neglecting the r derivative and second order derivative in y. This equation has the general solution 

v ab := (±^±^ (20) 
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for all b € M. In what follows we take b > so that v a b is nonsingular. Note that t> a ,o = v a- 



4 "Gauge" Transform 

We assume that the parameter a depends slowly on t and treat \a T \ as a small parameter in a perturbation 
theory for Equation (fTS|) . In order to convert the global non-self-adjoint operator ayd y appearing in this 
equation into a more tractable local and self-adjoint operator we perform a gauge transform. Let 

w(y,r) := e " v(y,r). (21) 

Then w; satisfies the equation 

1 2 2 , 2 1, 

4 Wy - ( ^1~2' 



w T = - Vy 2 - (— r - -)a)w - e^-^V, (22) 



where uj 2 = a 2 + a r - The approximate solution i> a (, to (|18p transforms to w a fc c where v a & c := w c ,fce J . 
Explicitly 

1-p + by 2 1 

Wahc := ( r ) 1 - p e * . (23) 

2c 



5 Re-parametrization of Solutions 

In this section we split solutions to (f22|) into the leading term - the almost solution v a bc - and a fluctuation 
£ around it. More precisely, we would like to parametrize a solution by a point on the manifold M as := 
{v a bc \ a,b,c € M. + ,b < e, a = a(b,c)} of almost solutions and the fluctuation orthogonal to this manifold 
(large slow moving and small fast moving parts of the solution). Here a = a(b,c) is a twice diffcrcntiable 
function of b and c. For technical reasons, it is more convenient to require the fluctuation to be almost 
orthogonal to the manifold M as . More precisely, we require £ to be orthogonal to the vectors <f>o a := 
(^r)4e~7 y and fca '■= (^r)*(l — ay 2 )e~^ y which are almost tangent vectors to the above manifold, 
provided b is sufficiently small. Note that £ is already orthogonal to <pi a := \faye~^ since our initial 

conditions, and therefore, the solutions are even in x. 

In what follows we fix the relation between a and c as 

2c(r) = o(t) + \. 

Define a new function V a h := ( 1 ~ p ' f ft )~ and a neighborhood U ea : 

a ' 2 

U eo := {v S L°°(M) | \\e-i y \v-V ab )\\o =o(b) for some a e [1/4,1], be [0, e ] }■ 

Proposition 5.1. There exist an cq > and a unique C 1 functional g : U eo —> R + x R + , such that any 
function v S C/ eo can be uniquely written in the form 

v = V g(v) + ?y, (24) 



G 



with 7] _L e 4 y2 (f)oa, e * y2 (f>2a in L 2 (R), (a, h) = g(v). Moreover if \\e i y2 (v - K h )lloo = o(b ) for some 
ao and bo then 

\g(v) - (a ,b )\ < We-^iv - K ,6o)lloc (25) 

Proof. The orthogonality conditions on the fluctuation can be written as G(fj,, v) — 0, where fi = (a, b) and 
G:M+xR+x L°°(R) R 2 is defined as 



G(j*,v) := 



_ i _ayf_ 



Here and in what follows, all inner products are L 2 inner products. Using the implicit function theorem we 
will prove that for any /j,q := (do, bo) € [j, 1] x (0, eo) there exists a unique G 1 function g : L°° — ► R + x R + 
defined in a neighborhood U eo C L°° of V^ such that G(g(v),v) = for all v € U eo . 

Note first that the mapping G is G 1 and G(/zo,V^ ) = for all /x . We claim that the linear map 
d^Glno, Vfi ) is invertible. Indeed, we compute 

d^G(fi, v)U=«) = Ai{n) + A 2 {n, v)U =W) (26) 

where 

_ / (d a v^e-?y 2 } (dbV^e-^y 2 ) 

M '~ \ (d a V^{l-ay 2 )e-?y 2 ) (d b V^ (1 - ay 2 )e^ » : 
and 

_l( {V^-v,y 2 e-^ 2 ) 0\ 

4\ (y^-v,(5-ay 2 )y 2 e-%y 2 ) ) ' 

By the condition in the proposition, we have for A2 that 

11^2(^0,^)11 < |6-6o| + |a-a | + |bo|- 

For b > and small, we expand the matrix A\ in 6 to get A\ = G1G2 + o(b), where the matrices Gi and G2 
arc defined as 

/ 22 22 

(-J/ e 4 , e 4 ) -^(e 4 , e 4 ) 

2 2 2 

(-2/ 2 e-T-,(l-ay 2 )e-T-) 



d := 
and 



l-p , 1 1 1 



G 2 := (__il-)T=F 



1/2 7 p-1 \ 1 

Obviously the matrices Gi and G2 have uniformly (if a e [4,1]) bounded inverses. We claim that this 
observation implies our proposition. Indeed, expand G((i, v) as 

G(n,v) = G( f i ,v) + d„G(no,v) ( ) +O(|fe-fe | 2 + |a-ao| 2 ), 
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provided that b, bo > 0. By the assumption in the proposition we have that 

G((Xo,v) = o(b ) if a e [i, 1]. 

Moreover as we have seen above, the matrix d^G(/j,o,v) for v £ U eo has uniformly bounded inverse. Hence 
we have that G(fi,v) = has a unique solution g(v) satisfying 

|<?(«) -(a 0) Ml < |G(Mo,«)| < ||e-^ 2 («-K , 6o )||oo 
which is (EH). □ 

Recall that q = minf^, jtz$, !}• 

Proposition 5.2. In the notation of Proposition [K7\ if \\ (y)~ n (v — V^ )||oo < ^o^o w ^ n = 2,3, and n = q 
if p < —1, with 5( h bo small, then 

\9(v)~ Vol <S bT; (27) 

\\(y)- 3 (v - ^ ( „))|U < \\(y)- 3 (v - V^ )\U (28) 

\\(y)- 2 (v - Vg^Woo < S b + S b 3 /2 ; (29) 

and if p < —1 then 

\\(y)-*(v - Vg^Woo < S bf 2 + S b^. (30) 

Proof. Equation ( |2"5]) implies that 

|pW-i"o|<IKy)- 3 (v-^o)IU (3i) 

with /i := (a ,6 ). This together with the fact ||(y)~ 3 (i; — V^ a )||oo < 5 b^ 2 yields ( [23) ■ Moreover 

\\(y)- 3 (v-V giv) )\\oo < ||(?i)- 3 («-^o)llo + ll(y)- 3 (K, w -v; o )|| 00 

< \\(y)- 3 (v-V^)\\ x + \ f io-9(v)\ 

< |Kj/)- 3 («-^ )|U 

which is (US]). 

To prove Equation ([29]), we write 

\\(y)- 2 (v - v flW )|U < \\(y)- 2 (v - V^Woo + \\{v)-*(y B (v) - V^Woo- 

By (El]), we have || (y) _2 (V g( „ ) - V^ )||oo < - Mo| < <5o^ /2 , hence 

ll(y>" 2 (^ w - ^ )|U < \g(v) - Mol < 5 b 3 /2 . 

This together with the fact \\(y)~ 2 (v — V^ )||oo < ^o^o completes the proof of ( |2"9"]) . 
Finally for Equation ( [3U]) we have 

\\{y)- q {v - ^ } )|U < - ^ )|U + - V^JIU. 



By its definition we have 1 > q > which together with the definition of V a ,b yields 

\\(y)- q (V g{v) -V, )\\ x < \a-a \ + \\ ]b - b0 J[ y pi Hoc 
< \a - a Q \ + \b - b \bl^ . 
By the estimate of \a — ao\ + \b — bo\ above we have 

ll<y)" 9 (K,(,)-^o)lloo<<5o6 i * 2 
which together with \\(y)~ q (v — V^ )||oo < <5o&o in the proposition implies ( 1501) . □ 

6 A priori Estimates 

In this section we assume that ( \\2\ has a unique solution, u(x,t), < t < such that v(y,r) = 
A _TTr p (t)u(x, i), where y = \~ 1 x and r(t) :— J Q * A _2 (s)ds, is in the neighborhood U eo determined in Proposi- 
tion 15.11 Then by Proposition I5.1l there exist C 1 functions a(r) and 6(t) such that v(y, t) can be represented 
as 

v(y, r) = {^—l±p^j 1 " + e^t(y, r) (32) 

where £(-,t) _L 4>oa,4>2a (see ( [24j) ) . Now we set 

-\{t)d t \{t) = a(r(t)). 

In the following we define some estimating functions to control £, a and b. 

M 1 (t) := max/3- 3/2 (s)||<?/)- 3 e ^^( S )||oo, 

S<T 

M 2 (r) := max^- 1 (s)||<j / )- 2 e^^(s)|| 0o , 

A(r) := max/3- 2 (s)|a( S ) - \ + -^-b(a)\ 
B{t) := max p-i{s)\b{s) - f3(s)\ 

8<T 



(33) 



moreover if p < — 1 we define 



M q {r) := max/r^)ll(z/)- 9 e— £( s )|| c 

s<r 



and recall that g := min{y-^;> ? 1}* The function f3(r) is defined as 



■■= i 1 4 P ■ (34) 

6(0) (P-1) 2T 

In the next we present a priori bounds on the fluctuation £ which are proved in later sections. 
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Proposition 6.1. Suppose in the datum Uq(x) satisfies all the conditions in Theorem ll.it Let the 

parameters a(r), b(r) and the functions v and £ the same as in Proposition \5.2l Then they satisfy the 
following estimates: if 

Mi(r) < i(l-p)T±F-t, A(r), B(t) < /T 1 / 4 ^) and v(y, r) > "(^y^ 
in some interval r G [0, T] then for any r G [0, T] we have 
(1) ifO < p < -1 then 

B(t) < 1 + Mi(t)A(t) + M*~ p (t) + A(t), (35) 
A(t) < A(0) + 1 + /3 1/2 (0)[1 + M*~ p {t) + A(t)Mi(t)], (36) 
M x {r) < Mi(0) + M^tJM^t) + /3 1/4 (0)[1 + M?- p (t) + A^M^t)], (37) 
M 2 (r) < M 2 (0) + Afi(r) + M 2 2 (r) + /3 1/4 (0)[1 + M^r) + A^M^t)}; (38) 

(%) i/p < -1 then and (\3S\) still hold, and 

Mi(r) < Mi(0) + )J 1 /*(0)[1 + M?- ji (t) + A(T)Afi(r)] + Mi(r)[Jfi-»(T) + Jf,(T)], (39) 

M 2 (r) < M 2 (0) + Mi(r) + M 2 (r)(M 1 -*(r) + M,(r)) + /3 1/4 (0)[1 + Af 2 -» + M 2 (r) + A(t)Mi(t)], 

(40) 

M g (r) < M,(0) + M 2 (r) + M ? 2 "f (r) + M 2 q (r) + /3 1 /4 (0 )[i + M g (r) + M*~ p (t) + M x {t)A{t)] (41) 

where the function p, the constant q and the estimating functions are defined above. 

We prove Equations ( |gg]) and ( |36)) in Section [lOj ( ST} and ( [35]) in Section [131 ( |38)) and ( [10]) in 
Section El (E]) in Section M 

7 The Lower Bound of v 

In this section we prove a lower bound for v defined in ( [TTJ) . The main tool is a generalized form of maximum 
principle. 

Lemma 7.1. Suppose u(y,r) is a smooth function having the following properties: there exist smooth, 
bounded functions a%, a 2 , d such that if \y\ > c(r) > then 

u T - u yy - [ai(y, t) + d(T)y]u y - a 2 (y, t)u < 0; 

(y)- l u(y,T) £ L°° with I > 0; 
u(y,0) < if\y\ > c(0), andu{c{r),T) <0ifr<T; 

then we have 

u(y,T)<0if\y\>c(T), r<T. 
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Proof. In order to use the standard maximum principle we first transform the function u. Define a new 
function w by 

(z) 1 w(z,t) :=u{ V ,t) (42) 
with z := yefo d ( s ) ds . Then w is a smooth, bounded function satisfying the inequality 

w T - w zz - a 3 (z, t)w z - 04 (z, t)w < 

for some bounded, smooth functions a%, 04; moreover 

w(z, 0) < if \z\ > c(0), and w(c(r)e^ T d(s)ds , t) < if r < T. 

By the standard maximum principle (see |19j ) we have 

w{z, t) < if t < T, |z| > c(r)e^ d(s)ds . 

By the definition of w in ( [42]) we complete the proof. □ 

Recall the definition of the function g(y,(3) as 



(t 2 )^ if /V <4(l-p) 
(2(l-p))^ if /3y 2 > 4(1 -p) 



The following lemma states an observation important for our analysis. 

Lemma 7.2. Let v be as in (\Tfy. Suppose that for time r < n, Mi(t) < |(1 ~ p)~>~^~^ , A(t),B(t) < 
(3-^ 4 (t) and 

(y)~ r= ^v(y, t) e L°° and v(y, r) > c(r) (43) 

for some c(r) > 0. Then we have 

v(y, r) > (2c + -^)^.g((2 Co + ^-f' 2 y, f3(r)). (44) 
1 — p 1 — p 

Proof. By the scaling invariance of f [T2"|) , without losing generality we assume that 2co + = 1- By the 
assumption on the datum we have that 

v(y,0)>g(y,j3(0)). (45) 



Recall that p < and 



,1 - p + b(T)y 2 \ 1 - p o„2 

«(!/,t)= ; . V T +e— ^(y,r). 

a(r) + i J 



The assumption Mi(r) < |(1 -p) 1 -? = yields je"''"^ £(y,r)| < (^ L ) 1 - p P 3 ^ 2 (T){y) 3 ■ Moreover by the 
assumption on A we have a(r) 6 [j, |]. Consequently 

t) > (— ^5)Tq? when /3(r)y 2 < 4(1 - p) (46) 

and 

u(y,r) > (2(1 -p))~^ when /3(r)y 2 = 4(1 - p) (47) 
11 



provided that (3(0) is sufficiently small. 

For the region P(r)y 2 > 4(1 — p), by the fact p < we have that 

ff((2(l -p)) 1 ^) < and H(v) = (48) 

where the map H(g) is defined as 

H(g) =g T - 9 yy + 9 P + ay9 v g - -^—g- 

1 — p 

Equations ( H5|) -f |4"5)) and the assumption ( 03]) enable us to use Lemma 17.11 on the equation for 
(2(1 — p)) 1 ^ — v to obtain 

v(y,r) >g(y,0(T)) if/?(r)y 2 >4(l-p). (49) 
This together with the analysis on the region /3(r)y 2 < 4(1 — p) completes the proof. □ 



8 Proof of Main Theorem 11.11 

In the next lemma we show that restriction ( [H]) on the initial conditions involving two parameters can be 
rescaled into a condition involving one parameter. Recall that q = mm{j^, ^f~p > 1}- 

Lemma 8.1. Let uq satisfy the condition (\^). Then there exist some scalars ko, Si, (3 > such that 

\\(k x)-' n [kf T U (k 0X ) - ( \~_ P Vf ) T ^]ll°o ^ M % > ( 50 ) 

1— 

2 

/or n = 2, 3, and ?/p < —1 ^ 150)) wii£/i n = q. 

2 

Proof. Define fc : = (2co + 6o) — 1,/2 , : = ^o^o" 1 and /3 := b k 2 . It is straightforward to verify that the 

2 

function k^ 1 uq^qx) has all the properties above. □ 
By this lemma in what follows we only study the case 

\\{x)-"[u (x) - (i E E££)ri5]|| 00 < S bl, (51) 

1 — p u 

uo{x) > g(x,b Q ) 

for n — 2,3, and if p < — 1, ( l5"lj) with n = q. 

By Proposition 12.11 there exists oo > t* > such that Equation ( [T2"l) has a unique solution u(x,i) 
for < t < t*, but has no solutions on a larger time interval. Moreover, if < oo, then || ^7Tt) 11°° 00 
as f — * i*. Recall that the solutions u(x,t), v(y,r) and w(y,T) and the corresponding initial conditions are 
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related by the scaling and gauge transformations (see ( ITT)) and (HU)). Take A(0) = 1. Then we have that 
u (x) = v (y). 

Choose bo so that Sq^/ 2 < ie with Sq the same as in (|51[) and with e given in Proposition 15.11 Then 
vq G ^ie ' ^ e condition (|5ip with n = 3 on the initial conditions. By continuity there is a (maximal) 
time i# < such that u S t/ eo for t < t#. For this time interval Propositions 15.11 and 15.21 hold for w and 
in particular we have the splitting (|32[) . Recall that we assume a — 2c — h in the decomposition (|32p . In 
particular, this implies that the initial condition can be written in the form 

My) = K(o)6(o)(y) + e 4 £o(y), (52) 

where (a(0),6(0)) = 5 (u ) and £ -L e"^ 2 ,^ - a(0)j/ 2 )e-^ ij ' 2 . Moreover M„(0) < <5 , n = 1,2 and 
especially q for p < — 1. 

Before starting proof, we note that the definition of g in Lemma 17.21 implies 

. . . 1 — p. i 

9(y,r) > (— ^— y-v 

for any time r. 

By the conditions of Theorem 11.11 on the datum, we have that 6(0) is small, Mi(0), M2(0) < So for 
some small Sq, A(0) and B(0) are bounded, and 

2 1 — T) 1 

Mo G (^i^L 00 and u > ( — - — ) T ^p. 

Then by the local well posedness Theorem 12.11 and the splitting Proposition 15.21 there exists a time interval 
[0,T] such that for any r € [0,T], 

Mi(r) < 1(1 -p)^F-f , B(r), A(r) < /T 1/4 (r) 

and v(y,r) > ^("^p) 1 ^- Thus we have Equations ( l3"5"|) -f HTj) which together with the fact that /3(0) is small 
imply that 

Afi(r), M 2 (r), M,(r) < <5 , B(r), A(r) < 1 « /?" 1/4 (r) 

if r e [0, T]. In the next we only show how to use ( I36 p ~( |3"5 ]) to get the estimate for A, B, Mi and M 2 , 
the proof of M q is similar. Indeed, since Mi(t) < 1, we can solve (151)1) for A(t). We substitute the result 
into Equations (|3T)l - (|3"8)) . and substitute the estimate for Mi(r) into the right hand side of (HSJ), to obtain 
inequalities involving only the estimating functions Mi (r) and M 2 (r) . Consider the resulting inequality for 
M 2 (t). The only terms on the r.h.s., which do not contain /3(0) to a power at least 1/4 as a factor, are 
M 2 2 (r) and M 1 (t)M 2 {t). Hence for M 2 (0) < 1 this inequality implies that M 2 (r) < M 2 (Q)+Mi(0)+/3*(0). 
Substituting this result into the inequality for M\{f) we obtain that M±(t) < Mi(0) + /^(Q) as well. The 
last two inequalities together with (|35|) and (|36| imply the desired estimates on A{t) and -B(t). 

Moreover by Lemma 17.21 we obtain 

v{-,t) e {y^L 00 and w(v,t) > g(y,r) > (__E)riF. 
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By using the procedure above recursively we have that 

M 1 (r), M 2 (T),M q (T)<S , B(t), A(t)<1 

for any r. 

By the definitions of A(t) and B(r) in ([33]) and the facts that A(t), B(t) < 1 proved above, we have 

' -" +0((3 2 ), 6(r)=/3(r)+0(/3 3 / 2 ). (53) 



2 1 -p 

Hence a — h = 0(/3(r)), where, recall the definition of /3(r) from ( 
The facts A(0) = 1 and a = -A^A after Equation (Q2|) yield 

ri 



A(i) = [1-2 / a(r( S ))ds] 1 / 2 . (54) 



o 



Since \a(r(t)) — || = 0(6(r(t))) there exists a time £* such that 1 = 2 / Q * a(T(s))ds, i.e. A(i) — > as i — > i* 
with the latter defined in ( ISTIl . For any time t < t* ( [T2]) is well posed and can be split by the fact that 
Mi (?-(*)), M 2 (t(*)), M q {T(t)) < S a and A(r(i)) and S(r(i)) are bounded. Obviously i* < 4*. Moreover by 
the definition of r and the property of a we have that r(t) — > oo as £ — > t* . Equation ( l53| implies 6(r(t)) — * 
and a(r(f)) — > i as i — > i*, where, recall the definition of /3(r) from ( [31)1 . By the analysis above and the 
definitions of a, r and (3 we have 

A(t) - (t* - t) 1/2 (l + o(l)), r(t) = -Zn|t* - t|(l + o(l)) 
with o(l) — > as t — > i* and consequently 



By ( [53j we have 



and 



° (T( '»4 + 2 P w7- i || (1 + ° ( faF^^ 



If we define 2c(i) = a(r(i)) + | in Theorem 11.11 then c(i) has the same estimate as (|7J). 
By the fact Mi <C 1 we have 

\\(y)- 3 e^a;r(t))\\^^P 3/2 (r(t)) 

thus 

u(0,t) = A^(*)[V o>6 + e^^(y,r)]| w=0 < A^ + C/3 3 / 2 (r(i))] 

a(r(t)) + i 



14 



for some constant C > 0, hence u ^ ^ — > oo as i — » f*. Moreover by the facts v(y,r) > (^-^-) 1 ^ p proved 

2 

above and i) = A 1 ^ (t)v(y, r) we have that for any t < t* 

|| -7^-77 Hoc < A^(t)(-^)^ < 00. 

1-p 

Those facts together with the estimates of A(t), b(r(t)) and a(r(t)) imply that u ^ t ) collapses at time t* and 
t* = t*. Thus we finish proving the first argument of Theorem 11.11 

Collecting the facts above we complete the proof. 

9 Parametrization and the Linearized Operator 

Substitute ( [35]) into ( [TH]) we have the following equation for £ 

^{y, t) = -L(a, b)£ + F(a, b) + N(a, b, £) (55) 
where the linear operator L(a,b) is defined as 



a 2 + a T 2 a 2a ? + a 

L(a, b) := + — y 2 - - - + p - 2 

1 2 1 — p 1 — p + by 1 



and the function F(a, b) is defined as 



F(a, b) := ( * P + bz/2 )T^-^ e -^ [T! + I V y ' + F x ] (56) 
a + i 1 - p 1 - p + by z 



with 



1 2b 



a+\ 2 1-p' 

j j / 1 26 4p , 2 

r 2 : =-^- & ( a -2 + i-^ ) + (^IF 6 ' 



p 46 3 y 4 
(1-p) 2 (l-p + 6y 2 ) 2 



F i : - - — —~ — z ; ( 57 ) 



and the nonlinear term ./V is 



JV(o,6,0 == -v p e-~ + - ) i--e t + p- 

1 — p + by z 1 — p + oy z 

where, recall the definition of u in ( I17p . 

In the next we derive various estimates for IV T2 and N(a, £)■ 
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Lemma 9.1. Suppose that A(t),B(t) < /?~ 1/4 (t) ; v(y,r) > \(K^-)^ and 6(0) = (3(0) is small. Then for 
> p > — 1 we have 

1 



and for p < — 1 



I^M.OISe-^Y^j)^ le^l 2 ; (58) 



|iV(a,6,OI<e^[( TT ^)^|e^e| 2 -P + ( TT ^)^|e^e| 2 ]; (59) 



Proof. By direct computation and the assumption on t? we have 

|W(a,&,OI S e-^vP[\(l + <f>)-P -l+ P (f>\+p\cl>\\(l + <f>)-P 

< e-^[|(l + - 1 +p|0||(l + 0)- p - 1|] 

where the function <f> is defined as <f> := e^CV^ 1 w ^ tn ^ b := ) TTr p- 

(A) When |0| > 1/2 we have that if > p > -1 then 

1,1(1 + 0)^1 <0 2 , thus |JV( O> 6,0l <e-^0 2 ; 

if p < —1 then 

1, |(l + 0)" p |, H<H 2 ~ P , thus|iY(a,6,OI<e- £ ^|0| 2 - p ; 

(B) when |0| < 1/2 by the remainder estimate of the Tylor expansion we have 

|(l + 0)-P-l+W>|, 1011(1 + cj ) )-P-l\<^. 

Collecting the estimate above we have that if > p > — 1 then 

I^M,£)l<e^|0| 2 ; 

if p < —1 then 

\N(a,b,i)\<e-^{\4>\ 2 + \cl>?- p ). 

Moreover the assumptions A(t),B(t) < /3~ 1 / 4 (r) imply that 6 = (3 + o(/3) and a = | + 0(0), thus 
K,b > (l + /3(r)y 2 )^, i.e. 

which together with the definition of and the estimates of N above implies ( . □ 

In the following proposition we establish some estimates for Ti and I^. 

Proposition 9.2. Suppose that M x (t) < |(1 -p) 1 ^^, A(t), B(t) < /3~ 1/4 (r) and v(y,r) > \( l ^ L ) T ^ 
and 6(0) = /3(0) is small. Then we have 

|ri|, |r 2 | ^^(i + a/^ + M!). (60) 
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Proof. Taking inner products on (I55p with the functions dn „ := ( * e and ^> 2 ,a : — (jfj) * ( a U 2 ~ l) e 
and using the facts £ _L </>o,a, 4>2, a in ( I32[) . we have 

\{F{a,b)Av,a)\ <Gi, |(F(a,6),0 2 , a )|<G 2 (61) 

where the functions Gi, G2 are defined as 

Gi := |(&j/ 2 e^o,a>| + |(ary 2 e,0o,a)| + \(N{a, 6,O,0o,a)|, 

and 

G 2 := |(^ 2 e,02, a >| + IKy 2 e,^ Q )| + |<iV(aA6,<MI- 
The estimate of iV in ([58]), the assumption on B{t) and the definition of M\ yield 

Gi, G 2 < /3 5/2 [M x + Af 2 + Af 2 ~ p ] + \a T \^' 2 Mx. 
Now we study the right hand sides of ( HIT]) . We rewrite the function F(a, 6) in ( 156")) as 
F(o, 6) = X (a, 6) [Ti + T 2 1—— + T 2 ^ ~\ 2] + *i] . 



where, recall the definition of F\ in ( I5T]) . and the term %(a, 6) is defined as 

, 1 — p + by 2 N _j_ 1 

2 

In the L°° space we expand -F(a, b) as 



X(a,6) := ( )i-p- r 

a + - ! 



F(a, 6) = (y 1 ^)^ + ^e-^p! + ^-^2 + ^p) T ^ + ^ + l fe IO r il + 1^0) 

where we use the observation || oo = 0(b 3 ) and the fact a > 4 implied by the assumption on A. 

By using the fact that </>o,a -L </^2,a we have 

\{F(a,b), 4>o, a }\ > |r x + ^-^r 2 | - |fe|(|ri| + |r 2 |) - \b\ 3 

a(l-p) 

and 

|(^( a ,6),^ a >|>|r2|-H(|r 1 | + |r 2 |)-6 3 , 

which together with ( I61[) and the assumption on B implies that 

|ri|, |r 2 | < /3 5/2 (l + M 2 + Ml~ p ) + |a T |/3 2 Mi. (62) 
By the definitions of Y\ and A, a T has the bound 

KI<|ri|+/? 3/2 (r)A(r). 
Consequently after using M\(t) < g(l — p) 1 ^ -3 arLC j some manipulation on ([62]) we obtain 

N, |r 2 | < /? 5/2 (i + A/ 2 - p + /j 1 / 2 ^). 

The proof is complete. □ 
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Recall that q := min{ j-^, , 1}- The estimates on Ti and r 2 imply 

Corollary 9.3. 

|| (^-"e^J^Hoo < + M 2 X ~ P + AMi] 

with n — 2, 3 and especially n — q if p < — 1. 

Proof. Recall that p < and the definition of F in Equation ( I5T>|) as 

a+i 1 — jo 1 — jp + ojr 

The estimates on Ti and r 2 in ( IHO)) implies that 

\-n( 1 -p+ b v 2 \T=z\r, 4- r £. ill < ir A j. ir„i < */2n 4- a,/ 2 



(^rf^)~ Fi + r 2Tr ^]|U < |r x | + |r 2 | < 2 (i + m*~ p + am,) 

with n — 2, 3. Moreover for p < —1 we have that 1 > q > hence 



\y\ 2 ~ q < \y\ 2 - q < 6 ^ 



(1 -p + by 2 ) l+ ~ (1-p + by 2 ) 1 
consequently 

II {v)- q { 1 ~ P ^ 2 )M^x + Fa . y " a lllco < /? f +1 (1 + Af?"* + AMi) 
a + I 1 — p + oy z 

For the term i*i by straightforward computation we have 

11(^-^(1^ + ^)^11. \\(y)-W-^)^\U<^(r), 

a + 2 a + 5 

using the fact 1 > q > j- 2 ^ for p < —1 again 

11(^(^3^)^1100 </? 1+ i 
a+ 2 

Collecting the estimates above we complete the proof. 



10 Proof of Estimates O-ffl 

Lemma 10.1. If B(t) < /3~ 1/4 (t) for r € [0,T], i/ien Equation flggp ZioZds. 
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Proof. We rewrite the estimate of T2 in Equation (|60[) as 

The first term on the right hand side is bounded by b(3 2 A < (3 b l 2 A by the definition of A, consequently 

(P- 1) 

We divide both sides by b 2 and use the inequality b < (3 implied by the assumption on B to obtain the 
estimate 

1 4p 



<(3 1/2 {l + AhA + M 2 - p + A). (64) 



b ' (p-1) 2 

Since (3 is a solution to 9 T /3 _1 + ip(p - 1)~ 2 = 0, (3(0) = 6(0), Equation ((MJ) implies that 

|0r(~ - ~)l < /9 1/2 (1 + + M 2 - p + A). 
Integrating this equation over [0, r], multiplying the result by /Ja and using that < /3 give the estimate 

p-i\f3-b\ <0* f (3 1/2 {s){\ + M t A + M 2 - p + A)ds. 



By the definitions of /3 we have /3 1 / 2 (r) JJ" (3 1 ^ 2 (s)ds < 1 which together with the definition of B gives 

(SB). " □ 

Lemma 10.2. If A(t), B(t) < /3 _1/4 (t) /or r e [0,T], tfien Equation ffggj) ZioZds. 

Proof. Define the quantity T := a — | + j- 2 — 6. We prove the proposition by integrating a differential inequality. 
Differentiating T with respect to r and substituting for b T and a r in Equation (|60p we obtain 

where 7?.b has the bound 

\H b \ < /3 5/2 (l + Mi~ p + AMi). 
Let /1 = exp Jq a(s) + | — -^jb(s)ds. Then the above equation implies that 

pT — r(0) = — -, — .„ / [ib 2 ds + I filZbds. 
(P — 1) Jo Jo 

We now use the inequality b < (3 and the estimate of IZb to simplify the bound of T as 

|T| < M _1 r(0) + /i" 1 / /i/3 2 ds + p- 1 f m/? 5/2 (1 + Mi^ P + AAh)ds. 
Jo Jo 
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For our purpose, it is sufficient to use the less sharp inequality 

|r| < /i _1 r(0) + /i" 1 f T fiP 2 ds(l + /3 1 / 2 (0)[M 1 2 " P + AM\\). 
Jo 

The assumption that A(t), B(t) < /3 _1 / 4 (r) implies that a + | — -^jb > 5- Thus it is not difficult to 

show that /3 _2 /x _1 r(0) < A(0); and by the slow decay of (3 we have that if s < r then e~ 2L r £ /3 2 (s) < /3 2 (t), 
consequently 

/r a (T)/* -1 (T) / fi(s)f3 2 {s)ds < /T 2 (r) f e ~ z ^f3 2 {s)ds< ( e'^ds < 1. 
Jo Jo Jo 

Collecting the estimates above we have 

/?" 2 |r| < 1 + A(0) + /? 1/2 (0)(1 + M x 2 - p + AMi) 
which together with the definition of A implies ( I36p . Thus the proof is complete. □ 

11 Rescaling of Fluctuations on a Fixed Time Interval 

We return to our key equation f I55p. In this section we re-parameterize the unknown function £(?/, r) in such 
a way that the y 2 -term in the linear part of the new equation has a time-independent coefficient (cf [3])- 

Let i(r) be the inverse function to r(t), where r(t) — L X~ 2 (s)ds for any r > 0. Pick T > and 
approximate A(i(r)) on the interval < r < T by the new trajectory, Ai(t(r)), tangent to A(t(r)) at the point 
t = T : Xi(t(T)) = \{t(T)), and a := -Ai(t(r))9 t Ai(t(r)) = a(T) where, recall o(r) := -A(t(r))9 t A(t(r)). 
Now we introduce the new independent variables z and a as z(x, t) := X~^ 1 (t)x and a(t) :— J Q X± (s)ds and 
the new unknown function r](z,a) as 

\f*(t)e*£ri(z,<T) := X^ (*)e^(y, r). (65) 

In this relation one has to think of the variables z and y, a, r and t as related by z — \fy y, &{t) '■= 
Jo A 1 " 2 (s)ds and r = f \~ 2 (s)ds, and moreover a(r) = — A(f(r))9{A(t(r)) and a = a(T). 

For any r = 

Jo (T) A~ 2 (s)ds with *( r ) < *( T ) (or equivalently r < T) we define a new function <t(t) := 
\ 2 (s)ds. Observe the function a is invertible, we denote by r(cr) as its inverse. Especially we define 

ft{T) 

S := / X^ 2 (s)ds. (66) 
Jo 

The new function r\ satisfies the equation 

^-r\{&) = -C a ,0r}(a) +Wr](a) + T{a,b){a) +Af 1 (a,b,a,r ) )(a), (67) 
aa 

with the operators 

£a,/3 '■= La + V, 
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^ (l-p + &(r(a))y 2 ) ^l-p + /3(a)z 2 
the function 

F(a,b) := e ii # e -T i (^-)F £ TF(a,6), 
A 

the nonlinear term 

M(a(T(a)),6(T(a)),a,J7(<7)) := e" 11 ^ e~ ^ N (a(a) , 6(r(a))^(r(a))). 

where, recall the definitions of F and TV after ([SB]), 

In the next we prove that the new trajectory is a good approximation of the old one. 
Proposition 11.1. For any t < T we have that if A(t) < /3 _1 / 4 (r) then 

if (*(r)) -l|</?(r) 

/or some constant c independent of r. 

Proof. By the properties of A and Ai we have 

jlfWr)) - 1] = 2a(r)(A( t ( T )) _ i) + G (r) 
ar Ai Ai 

with 

G:=a-a+(a- a)(A - 1)[( A) 2 + A. + i] + ( * _ 1)^* + 2] . 

Ai Ax Ax Ai Ai 

By the definition of A(r) we have that in the time interval r e [0, T], if A(r) < /? _1 ' 4 (t) then 

|o(r)-a|, |a(r)-i|</3(r). 

Thus 

|G|</3+(f -l) a + |f -l| 3 +/?|f 

Ai Ai Ai 

Observe that ^-(t(r)) — 1 = when r — T. Thus Equations ( [70]) can be rewritten as 

- 1 = - j\-^ 2a ^ dt G{s)ds. 
We claim that Equations ( [7Tj) and ( [72]) imply f [69]) . Indeed, define an estimating function A(r) 

A(r):= sup ^( s )| A (t(s) ) _ i|. 

t<s<T Ai 
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Then f l75]) and the assumption A(r), B(r) < /3~ 1/4 (r) implies 

l£(*(r))-l| < / T T e -^ T ^[/3( S )+/3 2 ( S )A 2 (r) + /? 2 ( S )A(r)]d S 
< /3(r) + /? 2 (r)A 2 (r) + /3 3 (r)A 3 (r) + /3 2 (r)A(r), 

or equivalently 

/^(r)] A (i(r)) - 1| < 1 + /?(r)A 2 (r) + /? 2 (r)A 3 (r) + /3(r)A(r). 

Consequently by the fact that /3(r) and A(r) are decreasing functions we have 

Mr) < 1 + /?(r)A 2 (r) + /3 2 (r)A 3 (r) + /3(r)A(r) 

which together with A(T) = implies A(r) < 1 for any time r S [0, T]. Thus we prove the claim by the 
definition of A(r). □ 

Lemma 11.2. For any c\,C2 > there exists a constant c(c\,C2) such that 

s 

e- Cl(s - a) /3 C2 (T(a))da < c(ci, c 2 )/3 C2 (T). (74) 



Proposition 111.11 we have that i < A < 2, thus 



Proof. By the definition of r(cr) we have that a = J * (r) \~ 2 {k)dk and t = t(ct) = / ' (t) \- 2 {k)dk. By 

1 < A 

2 — Ai 

icr > t(ct) > 4cr (75) 



which implies j_ 1 , , < j_ 4 . Moreover this yields 

fan '^y^l fan 



fan ^ V I fan 

" e-^s- s ) 0C2{T{s))ds < c(ci;C2 ) 1 (76) 
Using ( [73]) again to get 4S 1 > t(S) = T > |5 which together with ( [71]) implies that 



- Cl(S - s) /3 C2 (r( S ))ds < c(c 1;C2 ) 1 < c( Cl ,c 2 )/3 C2 (r). 



Hence 

- Cl (S- s)/? C 2(T(s))ds < C ( Cl)C2 )/^(T) 

which is (ED). □ 
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12 Propagator Estimates 



In the next we present the decay estimates of the propagators generated by —L a and —C a ,p which play 
essential roles in proving the estimates for Mi, M2 and M q below. 

We start with analyzing the spectrum of the linearized operator L a ,fi and L a . Due to the quadratic 
term -|a 2 z 2 , the operators have discrete spectrum. Then L a + and L a approximate C a p near zero and 
at infinity respectively. The spectrum of the operator L a is 

a(L a ) = !na- n = 0, 1, 2,... J . (77) 

The first three normalized eigenvectors of L a , which are used below, are 

<?W:=(;H 3 e ~ 2 , 0i„ := (-)^Vaze ~ z , 2a := (— ) 3 (1 - az 2 )e . (78) 

Z7T Z7T 07T 

Qz 2 Q ^2 

Denote the integral kernel of e ~e~ LaCr e~ ~ by Uo(x,y). By a standard formula (see [25j [T3]) we have 

e- L « a {x,y) = 4tt(1 - e" 2 "' 7 )- 1 / 2 V^e^^e""^ 



— 37: 



In what follows we need the following result. 
Lemma 12.1. For any function g and cr > we have that 

\\(z)^e^e- L -'g\\ 00 <e&*''\\(z)- n e a £g\\ 00i n -0,1,2, (79) 

or equivalently 

f(x)- 2 U (x 1 y)e-^ 2 (y) 2 dy<e^' 7 . (80) 



Proof. Note that the first three eigenvectors of L a are e " , ze " , (az 2 — l)e " with the eigenval- 
ues — j 2 ^, - + a, — fz^ (see ( [77])). Using that the integral kernel of e~ aLa is positive and there- 
fore ||e _o " i "»5i|| 0o < ||/ _1 g||oo||e _crLa /||oo for any / > and using that e~ aLa e~^ z ' 2 = e^^e"^ 2 and 



e aLa {az 2 — l)e = e 1 -p cr (Q!Z 2 — l)e ° ^ , we find that 

J2 2 

-2 „ — t — „ — crZirv^ll 1 1 / ~\ — 2 ^4 — „ — (tL q ^ — - 



2 eT-e- <TL ° 5 || 00 < || (z)- 2 e — e- CTL =e-— (z 2 + 1)|U|| (z)^ — s|| 

; 1 ' 1 - - - a 1 1 - - , — — , , 1 

00 



< 2(i + l)e^HI(^)" 2 e^5lloo 

and 

He^e-^-ffHoo < lle^e-^-e-^Hoolle^alloo 

2c QZ 2 

which are the case n — 0, 2 of ( T75|) . The case n = 1 follows from the interpolation between n = and n = 2. 

2 

Moreover this together with the definition of C/q(x, y) after ( l78|) and setting g = (z) 2 e~T~ implies ([80]) . □ 
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Wc define P" = 1 — Pg and define P°, n = 1, 2, 3, as the projection onto the space spanned by the first 
n eigenvectors of L a with the form 

n-l 

P% = \<t>m, a ){<t>m, a l (81) 

m=0 

where, recall the definitions of <fi mta in ( 175)1 . 

Proposition 12.2. Let P™ be the projection defined above. Then for any function g and time a > we 
have 

||(z)- 2 e ^e- i ^P 2 « 5 || 00 < e^\\(z)- 2 e^g\U (82) 

||(2)-V^ e -^ ff Pf slU < e^- fe ] aCT |l^)" fe e^3lloc (83) 
/or any A; € [0, 1]; and there exists constant cq > suc/i i/iai /or any r > <r > 

||(z)- 3 e ^P 3 "[/(r, ( T)P3 Q 5 || 00 < e- c o(— )||( z )-3 e -# 3 || cc , (84) 
where U(t,o~) denotes the propagator generated by the operator —P^C a ^P^. 

Proof. ( 154")) is proved in [3] . 

Now we prove f !52"1) . Define a new function / := e ~ P a g. The definition of f7o(a;, y) after ( [75)1 implies 

e- L ^P a g = J e^U (x,y)f(y)dy. (85) 
Integrate by parts on the right hand side of ( 155)) to obtain 

e - La a P a g = e «fi ftfU (x,y)f(-Q(y)dv (86) 
where /(""^(a;) := f ( ~ m) (y)dy and /(°) := /. Now we estimate the right hand side of Equation ( [ 



(A) By the facts that / = e * P a g and P%g _L y n e * , n = 0, 1, we have that /-LI, y. Therefore by 
integration by parts we have 

/(-" l )(y)=/ f l -- m+1 \x)dx = - / /(- m+1 )(^)dx, m= 1,2 



which together with the definition of /( m ) yields 

l/ ( - 2) (y)l<e-^ 2 ||(y)- 2 e^ 2 P Q 3l| c 
(B) Using the explicit formula for Uo(x,y) given above we find 



\%u a (x,v)\ Z (1 _ e -2a ff)2 (N + \v\) 2 Uo(x,y)- 
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Collecting the estimates (A)-(B) above and using Equation we have 

(x)- 2 e^\e~ L '>' y P a g(x)\ 

< (1 lX^ {x)- 2 e^ f(\x\ + \y\) 2 Uo(x,y)\f(-V(y)\dy 

< (1 _V 2 :i). e^ f(x)-*U (x,v)e-Sv , (y)*dy\\(v)- 2 e*v'PS'g\\ oo 

< {1 l e -:L r e^ J(x)- 2 U (x, y )e-^ 2 (y) 2 dy\\(yr^y 2 g\\ oc 

where in the last step we used the explicit form of P% in ( ISTj) . This together with the estimate (|5D|) gives 
the estimate ( 1821) when a > 1. If a < 1 we use ( ITS)) to remove the singularity at cr = 0. 

When /c = 1 the proof of ( l83|) is almost the same to the proof of ( l82|) and, thus omitted; when A; = 
we have 

lle^V^PfslU < e^" CT ||e^Pr<7lloo < ||e^<7||oo 

by using ([79]) and the observation that ||-Pi<?||oo ^5 || <?|| oo - The general case follows from the interpolation 
between k = 1 and A; = 0. 

Thus the proof is complete. □ 



13 Estimate of M 1 

In this subsection we derive an estimate for Mi in Equations ( I33[) . 

Given any time r, choose T = r and do the estimates as in Proposition 111.11 We start from estimating 
i] in Equation ( [57]). Observe that the function r\ is not orthogonal to the first three eigenvectors of the 
operator L ai defined in ( I67[) . thus we put projections on both sides of Equation ( I67[) to get 

, 4 
— P 3 a rj = -P 3 a C a0 P 3 a V + PzD n (87) 

n— 1 

where the functions D n , n = 1,2, 3,4, are defined as 

D 1 := -P^Vr, + IfVIftj, D 2 := Wn, 

D 3 := J- (a, b), D4 ;= Afi(a, b, a, r/), 
where, recall the definitions of the functions T, M\ and the operators W, V after Equation ( [57]) . 
Now we start with estimating the terms D n , n = 1,2,3,4, on the right hand side of ( [87]) . 

Lemma 13.1. Suppose that Mi(r) < |(1 — p) 1 ^^ 1 , A(t), B{t) < /3 _1 / 4 (r) and the function v(y,r) 
defined in ( \17\ ) satisfies the estimate v(y,T) > \{^-^-) 1_p ■ Then we have 

\\{z)- s e^D 1 {a)\\ 00 < /PtrWMxiT), (88) 

\\{z)-*e^D 2 {o-)\\oo < /? 7/4 (r(a))Af 1 (T), (89) 
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if — 1 < p < then 
if p < — 1 then 



||(z)- 3 e^C 3 (cT)||oo </3 5/2 (r(a))[l + A/ 1 2 - p (T) + A(T)Af 1 (T)], (90) 
IK^-V^MUoo £ /3 3/2 (r(a))M 1 (T)M 2 (T). (91) 



||(z)- 3 e ^^ 4 ( ( x)|| 00 </3 3 / 2 (r(a))A/ 1 (r)[A^(r) + Af 9 (r)] (92) 
where, recall that q = min{ y-^jj (p-"i)2 ' ■'■}■ 

Proof. In what follows we implicitly use 

^(t(r)) - 1 = 0(/J(r)), thus ^(f(r)), A( t ( T )) < 2 (93) 

implied by ( [69]) and the assumptions on Mi, A, _B. 

By the relation between £ and 77 in ([55]) and the fact that y = ^-z, we have 

IK^-V^WIIcx, < HM-VsVc^iU 

n = 2, 3 and n — q for p < — 1. By the definition of Mi, M2 and the fact that t(<t) < T we have 

|| <z> -"^77(0 Hoc < /3* (r( CT ))M fc „(T) (94) 
with n = 2, 3, especially n = g for p < — 1, and fc2 = 2, £3 = 3, fc 9 = g. This proves ( [88]) as a special case. 



We rewrite Di = P?D\ as 



a + 1 



which admits the estimate 

||(z)- 3 e s l i P 3 «£»i(<7)|| 00 < |(^)-iMl^!|| Kz) -2 e ^ (1 _p 3Q)?7((7) || oo 

< 6 1 /2 (r(CT)) || (z) -3 e -# r;((7) || co 

< /3 1 /2( T((7 ) ) || (z) -3 e -i ?7((j) || oo 

where we use that 6(r) < /3(r) implied by B(t) < /3 _1 / 4 (t) and the fact that 

||(z)- 2 e^(l - P^gU < IK^^e^fllU (95) 

from the explicit form of 1 — P§ in ( [5T]) . This estimate together with ( [94]) implies ( [88]) . 

Now we prove ([89]). Recall that y — ^-z. After some manipulation on the expression of W we have 

\D.(*)\ < (I A - 1| + |o( T(ff )) - a \ + \ KT( %^ {CT)) \Me)\- 
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Equations ( R)9"]) and ( ITTj) imply that |^- — 1| + |a(r(cr)) — a\ < /3(t(ct)); the assumption on B and its 
definition imply | b(r( < g ( ) 7 T ( f fc^ | < ^(r^)). Consequently 

||(z>- 3 e^^ 2 (a)|| < / 3 1 /4 (r((T)) || (z) -3 e -i ?7(a)||cc 

which together with ( [94]) implies Equation ( [88]) . 

For ([90]), by the relation between D 3 , J 7 , F in ([67]), ( EZJ) and Equation ( [93j) we have 

which together with the estimate of F(a,b) in ( [63]) implies f [90]) . 

When > p > —1, by the relation between D4, A/"i(a, b, a, ij) and iV(a,6, £) in ([87]), ([68]) and the 
estimate ( [55)1 we have 

1 + I3{r{cr))y 2 P{r{a)) 



which together with ( IM]) implies ( |9"T|) . 

When p < — 1, by ([59]) and the definition of g we have 

which together with ( [94]) implies ( [92]) . 

Hence the proof is complete. □ 

13.1 Proof of Equations ( [37]) and ( [39]) 

By Duhamel principle we rewrite Equation ( I87p as 

Ifn{S) = U(S, 0)P^(0) + V f U(S, a)P£D n (a)da, (96) 

n=l J 

where, recall, U(t, s) is the propagator generated by the operator —PfC a ^P^. Use ( l84| to get 

r 3 / 2 (T)\\{z)- 3 e B fp^r ] (S)\\ 0O <X 1 +X 2 (97) 

with 

x x -.= e-^p-^imizr^vmu 

s 4 

X 2 := r 3/2 (T) f e- c °( s "^ J2 ||^)" 3 e^-Dn(cr)||ood(r. 
J o „=l 

Now we estimate each term on the right hand side. 
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(A) The slow decay of /3(f) implies e~ CoS '/3~ 3/2 (T) < /3~ 3 / 2 (0). Then we use Equation ( IM| to obtain 

*i < /3- 3 / 2 (0)||(z)- 3 e s #r;(0)|| oo < M x (0). (98) 

(B) By the integral estimate ([74j), the estimates of D n , n= 1,2,3,4, in ( [88]) - ( [91]) and the fact (3(t) < /3(0) 
we obtain 

X 2 < /T 3/2 (T) / e - co( - s -^/3 3/2 (T(<j))d<7X^ < iW (99) 

with 



ii 



v-(p) = J Z^ )! 1 + M\~ P (T) + A(T)Mi(T)] + M 1 (T)M 2 (T), if > p > -1; 

' \ /3 1/4 (0)[1 + M 2 ~ P (T) + A(T)Mi(T)] + M\(T)[M^~ P (T) + M q (T)], if p < -1. 

In Equation ( [65]) we define Ai(i(T)) = A(t(T)), f(-,T) = t](-,S) and a = a(T), thus z = y and F 3 Q ^(5) = 
£(T), consequently 

||<z)- 3 e^P 3 ^(5)|| 00 = \\(y)- 3 e^aT)\\oo 
which together with Equations ( [97]) - f [99]) implies 

/r 3 / 2 (T)||(j,r 3 e ^(T)||oc < Mi(0) + JfW + /3V*( )[i + M x 2 - p (T) + A(T)M X (T)]. 

By the definition of Mi in ( |3"3"]) , we obtain 

Mx(T) < M^Oj+X^ + /3 1/4 (0)[1 + M^ P (T) + A(T)M X (T)]. 
This together with the fact that T is arbitrary implies Equation ( [37]) and ( [39]) . 

□ 



14 Proof of Equations ( [38]) and ( [40]) 

We rewrite Equation ( [67]) as 

— r)(a) = -L a r)(a)-Vr ] + Y y D n (100) 

where, recall the definitions of the operators L a , —V in ( [67]) . the definition of £>„, n = 2,3,4, in ( [87]). 

Lemma 14.1. Suppose that Mif) < |(1 — p) 1 "^ - ^ /1(t), B(t) < /3 _1 / 4 (r) anrf £/ie function v(y,f 
defined in ( \17\ ) has the lower bound v(y,r) > \(^ p -) ■ 27ien we /iaue 

||(^- 2 e^y77WI|cx> < ^(r^jM^T), (101) 

||(z)- 2 e ^P 2 ( ( 7)|| co < ^ 4 (r(a))M 2 (T), (102) 
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H^^e^^^lloo </3 2 (r(a))[l+M 1 2 - p (T)+^(r)Af 1 (T)], (103) 

if < p < — 1 then 

IK^e^IWIloo < P(r(a))M 2 2 (T)- (104) 

if p < —1 t/ien 

||(z)- 2 e^i)4(cT)|U < /3(r(a))M 2 (T)[A^(r) + M q (T)}. (105) 
Proof. The proof is easier than that of Lemma 113.11 thus is omitted. □ 
Rewrite ( ITTOf to have 

,S 4 

P 2 °»7(5) = e-^P-f r?(0) + / e^^P^-l^a) + V D n }da, 

J ° n=2 

where, recall the definition of 5 in ( The propagator estimate of e — ia<7 P.f in ( I82"|) yields 

^H^IK^-^p^^iu <^ + ^i (ice) 

where K n 's are given by 

K := e^ s /3- 1 (r)||(^)- 2 e^7 7 (0)|| oo , 

where, recall that p < 0. 

In the next we estimate K n 'a, n = 0, 1. 

(K0) First, i^o has the bound 

< /3- 1 (^) e ^f s |K^>- 2 e^ £ 7 7 (0)||oo 
The slow decay of j3 and Equation ( [94]) yield 

< /3- 1 (0)||<z)- 2 e "* i r ? (0)|| oo < M a (0). (107) 

(Kl) By the estimates of Vt), D^, D3, D4, in Equations ( U01|) -( fl05|) and the integral estimate ( IT4[>. we 
have that if > p > —1 then 

K 2 < (108) 

with the constant 

K {p) := Mi(T) + M|(T) + /3 1/4 (0)[1 + M 1 2_P (T) + A(T)Mi(T)] if > p > -1; 

and 

K W : = Mr(T) + A/ 2 (T)(M g 1 - p (T) + M,(T)) + /3 1/4 (0)[1 + Af 2 ~ p (T) + M 2 (T) + A(T)Mi(T)] 
if p < -1. 
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Collecting the estimates ( I106p -f flOSf) we have 

/3- 3 / 2 (T)||(z)- 2 eT i P 2 Q 7 ? (5)|| 00 < M 2 (0)+K<*1 (109) 

Recall the definition of T in f [55|) . By the relation between £ and r\ in Equation ( we have £(T) = ^(S), 
a = a(T), and y = z, hence P 2 "r?(S') = £(T) and 

which together with ( 1 1 09[) implies 

M 2 (T) < M 2 (0) + /sT^. 
Since T is an arbitrary time, the proofs of ( l38|) and ( |40|) are complete. 



15 Proof of Equation ( HIT ) 



In the following lemma we present the estimates for D n , n = 2, 3, 4 in ( HOOp . Recall that q = mln{ (l-p)*^ ' ■'■}' 

Lemma 15.1. Suppose that for r < T, M x (r) < |(1 -p) 1 ^ - ', A(r), B(r) < /3~ 1/4 (r) and the function 
v(y, r) defined in ( \17\ l has the lower bound v(y,r) > \(^-^-) 1 ~ p ■ Then we have 

\\(z)- q e a £vri(*)\\ O0 < /3*(r(a))M 2 (T), (110) 

IK^-'e^DaWIU < ^ + 5(r(a))M g (T), (111) 
IK^-'e^JWIU </3 1+ i(r(a))[l + M 1 2 - p (T) + A(T)Af 1 (T)], (112) 
||^)-«e^£» 4 (<7)||oc </3*(r(a))Af 9 (T)[M g 1 -P(T) + M g (T)]. (113) 

Proof. The proofs of ( lllip -f [113p are easier than that of Lemma 113.11 thus is omitted. For ( 1 1 10|) by the 
fact q < 1 and the arguments between ( I53"|) and ( IM)) we have 

IK^-'e^^C^IU < \\{yr \ +p( ^ ))y ^ "^^t{y,T{°))\\oo 

< pi(T(a))M 2 (T) 



which is ( ITTOj) . 

The proof is complete. □ 
Rewrite ( UOOp to have 

S 4 

P? V (S) = e- L * s I? 7?(0) + / e- i °( s -^P 1 Q [-yry(a) + V L»„]d<7, 

n=2 



30 



where, recall the definition of S in ( IS!)]) . The propagator estimate of e L a <jpa in ( [55]) yields 

IK^-'e^PfrKSJIU < Jo + Ji (H4) 

where J n 's are given by 

Jo := /r*(T) e [^-*l aS ||(z)-V^ 77(0)11^, 

5 4 

Ji := (3~i(T) [ e [ ^-«] Q (^)[||(z)^e^y ?7 (a)|| 00 + V || (z)-"e^ D^a^da. 

J ° n=2 

We observe that — q < by the definition of q and the fact that p < — 1. 

By the estimates ( H10[) -( fl 13|> and similar procedures as in Sections [13] and [14] we have 

Jo < M,(0) 

Ji < M 2 (T) + /3 1/4 (0)[1 + M,(T) + M^- p (T) + Mi (T)A(T)] + M^ P (T) + M 2 q {T). 

These together with the fact that || (z)" 9 eT i P 2 Q r7(S')|| 00 = || (y) — « e iiiZ 5 iji - ^ (T") 1 1 ^ and the definition of M q 
yield ( |4T|) when t = T. Since T is arbitrary we have ( ITT]). 
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